LINEAR INDEPENDENCE OF SPECIAL VALUES OF JACOBI-THETA CONSTANTS
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ABSTRACT. Let m > 2 be any integer and let S > 1 be a real algebraic integer such that all its Galois conjugates
are distinct from S and have absolute value less than or equal to 1 (in other words, 8 is a Pisot-Vijayaraghavan

number). Let a1, a2,...,am be distinct positive integers. In this article we prove that the following infinite sums
oo oo oo
1 1 1
LY Y Y s
n=1 n=1 n=1

are Q()-linearly independent. As a consequence, we prove the linear independence of special values of Jacobi-theta-
constants.

1. INTRODUCTION

For a complex number 7 which lies in the upper complex half plane H := {7 € C : Im(7) > 0}, the Jacobi-theta-
constants (see for details [8], Chapter 10) are defined as

02(7) =23 g Ga(r) = 1423 g™ and 0a(r) =142 (-1)""
n=1 n=1 n=1

where ¢ = ™. These constants (7), 03(7) and 64(7) are periodic function with period 2.

Elsner, Luca and Tachiya [4] proved that the values of the Jacobi-theta constants 63(m7) and 65(n7) are alge-
braically independent over Q for any distinct integers m and n, under some conditions on 7. On the other hand,
in 2018, Elsner and Tachiya [3] also proved that for any three distinct integers ¢, m and n, the constants 03(¢7),
03(m7) and O3(nT1) are algebraically dependent over Q. These results motivate us to ask the following questions.

Question 1. Let m > 2 be an integer and let aq, ..., a,, be distinct positive integers. Let k € {2,3,4} be a given
integer. Then, under what conditions on 7, the m-theta values

Ox(ar17), ..., 0k (amT)
are linearly independent over Q with 17?

Question 2. Let m > 2 be an integer and let aq, ..., a,, be distinct positive integers. Let k # £ € {2, 3,4} be given
integers. Then under what conditions on 7, the set of m-theta values

{0k(aiT),0¢(a;T) : 1 <i# j <m}
is linearly independent over Q with 17
In this direction, in 2019, the second author proved the following result.

Theorem 1.1. [[7], Theorem 1] Let m,b > 2 be integers and 1 < a3 < ag < -+ < an, be integers such that

i log b
Vai/a; & Q for any i # j. Let 1o = Y98  Then the numbers
1, O3(a1m0), 0s(azmo),. .., 03(ammo)
are Q-linearly independent.
Recently, in 2020, C. Elsner and second author [5] proved that for distinct positive integers ai,...,am, the
functions 03(a17),...,03(an,7) are linearly independent over C(7) and they also studied Q-linear independence

results as values of these function in the case m = 3 and for certain class of 7. This latter result answered the above
Question 1 in the case m = 3,k = 3 and under some restriction on a;’s.
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The main result of this article is to strengthening Theorem 1.1. In particular, we remove the restrictive condition
Vai/a; ¢ Q on a;’s and we extend the result for an algebraic integer 3 instead of an integer b > 2 in Theorem 1.1.
More precisely, we prove the following result.

Theorem 1.2. Let m > 2 be any integer and f1, fa,..., fm : N = Z\{0} be functions of polynomial growth. Let
B > 1 be a real algebraic integer such that all its Galois conjugates are distinct from 8 and have absolute value less
than or equal to 1, and let ay,as, ..., an, be distinct positive integers. Then the m infinite sums

Z 6a1n2 ) Z /6(12?7,2 e Z ﬂamn2 (11)

are Q(B)-linearly independent with 1.

The number 5 in Theorem 1.2 is called Pisot- Vijayaraghavan number or Pisot number. For example all the
positive integer greater than 1 are Pisot numbers. For any natural number d > 1, there are algebraic integers
of degree d which are Pisot-Vijayaraghavan numbers. As an immediate consequence of Theorem 1.2, and by the
periodicity of 05(7) and 64(7), we have some interesting corollaries.

If we take f;(n) =1 for i = 1,...,m in Theorem 1.2, we have the first corollary as follows.
Corollary 1.1. Let 8 > 1 and a;’s be as in Theorem 1.2. Set 1, = % + 2n. Then for every integer n > 1, the
m-Jacobi theta values
93(0,17'”), 93(&2Tn)7...,03(aan)
are Q(pB)-linearly independent with 1.
First we note that in view of the result of Elsner, Luca and Tachiya, each of the Jacobi-theta values in Corollary
1.1 is transcendental. Also, note that if we take any two Jacobi-theta values in Corollary 1.1, then they are

algebraically independent over Q but not when we take 3 distinct values. Therefore, the result stated in Corollary
1.1 is effective, when we consider more than three Jacobi-theta values.

By taking f;(n) = (—1)" for all i = 1,...,m in Theorem 1.2, we have the following corollary.
Corollary 1.2. Let 8 > 1, a;’s and 1, be as in Corollary 1.1. Then for every integer n > 1, the m-theta values

04(a17n), Oa(as7),...,04(amms)

are Q(B)-linearly independent with 1.

In [1], D. Bertand proved the following result; If 7 € H such that e™™ is algebraic, then the values 05(7),04(T) and
04(1) are algebraically independent over Q. By this result, we see that each values in Corollary 1.2 is transcendental.
In this case also assertion stated in Corollary 1.2 is effective when m > 2.

If we take f;(n) = (—=1)i*! for i = 1,...,m for an odd integer m in Theorem 1.2, we have the following corollary
involving both 03(7) and 04(7).

Corollary 1.3. Let f > 1, a;’s and 7, be as in Corollary 1.1. Then for every integer n > 1, the m-theta values
03(a17n),04(as7), ..., 04(am,7), 05(ammn)
are Q(B)-linearly independent with 1.
In the next corollary, we consider b-ary expansions with different bases and their Q-linearly independence.

Corollary 1.4. Let b > 2 be integer and let (¢;n)n be a sequences of positive integers defined over the alphabet
1,...,b" =1} fori=1,2,...,m. Then the following base expansions
{t..., 02,0 9 P
¢ ¢ ¢
1n 2,n m,n
an27 b2n2""’men2
n=1 n=1

n=1

are Q-linearly independent with 1.

The strategy of the proof of our main result is the following: First we prove the existence of infinitely many
1

positive integers N such that the fractional part of (%) ® N lies in some fixed sub-interval of [0,1) fori=1,...,m
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1
(which comes from Section 2). Set Ny = N and N; = {(’“) ’ N] for all i = 2,...,m. Suppose the assertion in

@

Theorem 1.2 is not true. Then by these choices of N;’s, we get

Ny . No .
_pguiN? 2:71 E:L — _guh?
ﬂ co + ﬁaﬂlg + + ﬁaan B
n=1 n=1

where not all ¢;’s are zero. Finally using the fact that the left hand side of this equality is an algebraic integer and
the right hand side tends to zero as N — 0o, we see that left hand side quantity of this equality is zero and we will
repeat this truncation process, till we reach ¢; = 0 for all i = 1,...,m, which hence proves the theorem.

n=N1+1 n=N,,+1

The remaining part of our article is divided into two sections. In Sections 2, we collect all the tools to prove the
main result in Theorem 1.2, and in Section 3, we complete the proof of the Theorem 1.2.

2. PRELIMINARIES

Definition. Let m > 1 be an integer. We say that the sequence (z,,)n>1 in R™ is uniformly distributed mod 1, if
for any subset E = [a1,b1] X [ag,b2] X -+ X [am, bm] of [0,1)™, we have

. card{n|l<n< N {z,} €E}
NI N =110 = a0,

(2.1)
=1

where {x,} denotes the fractional parts of each co-ordinates of x,,.

We need the following Theorem which can be found in [[6], pp 49].

Theorem 2.1. Let p(x) = (p1(x), ..., pm(x)), where all p;(x) are real polynomials, and suppose p(x) has the property
that for each nonzero lattice point h = (hy,..., hy) € Z™, the polynomial (h,p(z)) = hipi(x) + - - + hmpm(x) has
at least one non constant term with irrational coefficient. Then the sequence (p(n))n, n = 1,2,..., is uniformly
distributed mod 1 in R™.

As a consequence of Theorem 2.1, we have the following important propositions, which are very crucial for the
proof of Theorem 1.2.

Proposition 2.1. Let 1 < £ < m be integers and let ay,qq, ..., Q¢ Qpy1, ...,y be Teal numbers satisfying the
following
(1) 1,01,...,ap are Q-linearly independent, and

(2) apy; €Q, forj=1,2,...,m—L.

Then for any positive integer s, there exist infinitely many positive integers Ny such that

1
<{a;Ni} < — for i=1,...,¢

1
Vs+1 Vs

and
{ap1jN1} =0 for j=1,2,....,m—~L
Proof. We denote the common denominator of a1, pya,...,ay, by d. Consider the following polynomials
qi(z) =dayz, for i=1,2,... ¢
For any nonzero lattice point h = (hy, ha, ..., h¢), the quantity (h,q(z)) given by the polynomial
Q(z) = d(hiar + -+ - + heay)z.

Since 1, a1, ..., ap are Q-linearly independent, the polynomial Q(z) = (h,q(x)) = d(h1ay + - - 4+ hyay)x has non
constant irrational coefficient. Therefore the polynomial q(x) satisfies the hypothesis of Theorem 2.1 and hence we
conclude that the sequence

(@) = (q1(n), .-, qe(n))n

is uniformly distributed mod 1. For a given positive integer s, let the subset

E:[\/slﬁ\}ér of [0,1]".
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Since the quantity (ﬁ — \/%) > 0 for all positive integer s, by (2.1), there exist infinitely many positive integers

N such that

1 1
Vs+1 NE

Hence, by taking Ny = dN, we get infinitely many positive integers N; such that == < {a; N1} < ﬁ for

< {Nda;} < for k=1,2,...,¢

s+1
i=1,...,¢ and {agjN1} =0for j =1,2...,m — £. This proves the assertion. a
Proposition 2.2. Let 1 < ¢ < m be integers and let aq, ..., 0py1,. ..,y be positive real numbers satisfying the
following
(1) 1,a4,...,ap are Q-linearly independent, and

¢
(2) auyj = Z bjrag forall j =1,2,...,m —{, where b;;, € Q.
k=1
Let d > 1 be a fized positive integer which is divisible by the common denominator of b,y for all j and k. Then
there exist a sufficiently small real number € > 0, np = Np(bjx) with 0 < np < 1 for all j =1,2,...,m — ¢ and
k=1,...,¢, positive integers Lyy1,..., L, and infinitely many positive integers N such that

m < {Nap} <mp+e fork=1,2,....0

and )
€Loy;j+7 €Lyoy;+e+r
Apj(e) =PI < (Nay ) < FEEEED
for some non-negative integer v with 0 < r < d and for all j =1,2,...,m — £. Further, for a given positive integer
h, we have
Biyj(e)

1
<14+ — forl+1<i<j<m-—VL.
Apgjti(e) o ’

Proof. Consider the following polynomials
¢i(z) = auz, for i=1,2,...,¢.
For any non-zero lattice point h = (hq, ha, ..., hy), the quantity (h,q(z)) given by the polynomial
Q(z) = (h1ag + -+ - + hypay)z.

Since 1, a1, ...,ap are Q-linearly independent, the polynomial Q(z) = (h,q(x)) = (hia1 + - -+ + heag)z has non
constant irrational coefficient. Therefore, the polynomial q(z) satisfies the hypothesis of Theorem 2.1 and hence
we conclude that the sequence

(q(n)>n = (ql (n)a R qé(n))n

is uniformly distributed mod 1.
By hypothesis, note that a; > 0 for all j. Therefore, for any given j = 1,2,...,m — ¢, there exists kg such that
bj.k, > 0. Therefore, for every 1 < j < m — /, there exists positive integers ey, ..., e, such that
‘
> dbjrer >0 forall j=1,2,...,m— L.

k=1
We choose least positive integers eq,es, ..., ey such that the above is true. Choose € such that
1
0<e<

MI22¢ 9 - e H;”:_le (Zizl dlbj,klek»)

and set np = eex for all k = 1,2,... /. Clearly by the choice of ¢, we see that 0 < 7, < 1. Also for all
Jj=12,...,m —{, we define the positive integer L,; as follows;

4 14
Zdijﬂ?k =€ (Z dbj7k6k> = EL“_]‘ > 0.
k=1 k=1

Consider the subset E of [0, 1] as
E = [n,m + €] x [na,m2 + €] x - X [, me + €7].
Since the quantity n + €2 — . = €3 > 0 for every k, by (2.1), there exists an infinite subset T of N such that
me < {Nap} <mp+¢€*, forall k=1,2,....¢ andforall NcT. (2.2)
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Now we work with this set T'. For any N € T, by hypothesis, consider

¢ ‘
Nauj = Z bj)kNOzk = Z bj,k ([Nozk] + {Nozk}) .
k=1 k=1
Since d is common denominator of b; 1,...,b; ¢, by multiplying d both sides to the above equality, we have
‘ I
dNoyyj — Y dbj [Ny = db; i {Nay}. (2.3)
k=1 k=1

Notice that the second term on the left hand side of (2.3) is an integer. In order to prove the second assertion, we
first claim the following.

Claim 1. For every j, 1 < j < m —{, we have

J4
Loy < (Z dbj,k{Nak}> <eLgpyj+ €
k=1

holds for infinitely many positive integers N € T'.
By (2.2), we have

4 ¢ ¢ ¢
> dbjpmk <> dbj{Nag} < dbjemi + Y dbj ke’ (2.4)
k=1 k=1 k=1 k=1
Since
¢ ¢
Z dbj knr = € (Z dbj,kek> = €Ly,
k=1 k=1
by substituting the estimate in (2.4), we get

14

€Loi; < Zdbj,k{Nak} <eLpy;+ €
k=1

by the choice of e. This proves Claim 1.

By the choice of €, we see that 0 < m, < 1 and €Lyy; + €2 < 1, for all j = 1,2,...,m — £. Thus from (2.3), we

conclude that
¢

{Ndoy,;} = db;p{Nay},
and hence by Claim 1, we get =
€Ley; < {Ndoyij} < €Lopj+€*, for j=1,2,....m—/. (2.5)
Therefore there exist infinitely many N € T satisfying (2.5); that is, for all natural number N € T, we have
€Ly - {Ndow;} - €Loyj+ €
d d d

for 7=1,2,...,m—~{.
Since

{Ndag+j} = Ndag+j — [Ndag+j] = d[NOég_;_j} + d{N()ég+j} - [Nd()ég_;,.j},
by re-writing the above equality, we have

{Ndag;}
d

[Nayj] — [Ndagy ]
d

d
={Noayy;}+
Thus, from (2.5), we obtain that

Loy d[N i1 —[Nd ; Loy + €
hantar'] fiﬂ <{Nagt;} + [Naes] d[ Q] < ¢ £+Zl+6

holds for N € T. By Hermite’s identity, for any natural number n, we know that

[na] = [a] + [a+1ﬂ 4o [a+”n

]<[a}+[a+1}+---+[a+1]:n[a]+n—1

for all real number « > 1 and hence n[a] < [na] < nla] +n — 1.
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First we note that in the inequality nla] < [na], the case n[a] = [na] occurs when [oz—l—% = [a] for all
1 < j < n—1, otherwise this inequality is strict. This can be seen as follows: if n[a] = [na], then by Hermite’s
identity, we get

nlo] = o] 4+ fo] =nla] = [al + ot +| oot ot 22

Then from this inequality combining with the fact [o] < [+ Z] for 1 < r < n — 1, we conclude that equality
nfa] = [na] holds if and only if [a 4+ £] =[a] forall 1 <r <n— 1.

In our case, we have n = d which is a fixed integer and oo = N4 ; where N varies over the elements of T'. Since
T is infinite, there exist an infinite subset Ty C T and an integer r with 0 < r < d — 1 such that

[dNoyj] — d[Noyyj] =r for all N € Ty.
Thus from (2.5), for every 1 < j < m — ¢, we have

eLoyj+r €Lopj+ e +r
d d
holds for all N € Tp. Note that by the choice of €, the quantity (eLs4; + €2 + r)/d is much less than 1.

< {NOzerj} <

For the moreover part of the proposition, by the choice of ¢, and by noting that By ;(e) and Asyjyi(e) are lying
in a tiny interval inside (r/d, (r + 1)/d), we can conclude the assertion. This proves the proposition. O

Lemma 2.1. Let by < by < -+ < by be given positive integers and for each i = 1,2,...,¢, let f; : N — Z\{0}
such that f;(n) = O(n*) for some non-negative integer k. Let 3 > 1 be a real algebraic integer such that all its
Galois conjugates are distinct from 8 and have absolute value less than or equal to 1. Let T be an infinite subset
of natural numbers N and for all large enough integer N € T, we let Ny = N1(N) be a linear function of N and

N; = [/ (b1/b;)N1] for all i =2,3,... L. Let
2 C C
AXV]\/'1 = 6a1N1 <C + Z 16{1”2 + Z g];ing )

1
for some algebraic integers ¢; € K = Q(B) such that | Xn,| = O 51\[6) for some positive constant ¢ and for all

large enough N € T with the implied constant in O does not depend on N. Then Xy, = 0.

Proof. Note that by the definition of N,;’s it is clear that Xy, is an algebraic integer in K with the property that
1

| Xn,| = O <5 C). If we prove that the norm of Xy, , denoted by norm(Xy, ), in K is 0, then it follows that

Xn, =0. In order to prove norm(Xy,) = 0, we estimate all the conjugates of Xy, and prove that their product is
< 1. Being an integer, Xy, = 0 follow at once.

Let 0 : K — C be a non trivial embedding of K. Now, we estimate the conjugate of o(Xy,) as
2 01 f1 Ce fe
SR CTIS e R o )

< o8 Mot + 3 (el @)+ +Z|fe aleo)llo (B) PN
n=1

o (X))l =

Since by N? —bn? > 0 for all n = 1,...,N; and for all i = 1,2,...,¢ and by the hypothesis |o(3)| < 1 for every
embedding o # id : K — C, we obtain

lo(Xn,)| < H (1 + S A+ Y fe(n)> ,

where H = max{|o(¢;)| : 0 #id: K - C and i =0,1,...,¢}. Using f;(n) = O(n*) for some k > 0 with some
absolute constant involved in O, we get the estimate for |0 (X, )|

lo(Xny)| =0 <1+Zn+ +ink>
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By the Faulhaber’s formula, it is well-known that.
k
1 B k!
Nk =Zn N]C—TL-‘:-l
Zn k+1 2 l+nz::2n!k—n+1 ¢ ’
where B,, is the nth Bernoulli’s number. Therefore for fix non-negative integer k, we have

k

1 B k!
Nk n Nk: n+1 __ ON-]C+1
Z" k+1 *3 ’+Zn'k—n+1 i (N,

n=

where the constant involved in O depends only on k. By substituting this estimate, we obtain
|o0(Xny)| = O(1+ N - 4 NFY) = O(NFHY) (2.7)
where the constant involved in O does not depend on N. Since

morm(Xn,)| = Xn,| ] lo(Xn)l,
o#id: K—C

st =0 (5 () o (1)

for some positive constant ¢’ where d is the degree of K over Q and the constant involved in O depends only on
k, £, 5 and ¢;’s. Thus by choosing Ny sufficiently large, we clearly see that |norm(Xx,)| < 1 and hence we get
norm(Xy, ) = 0. O

by (2.7), it follows that

We prove a technical proposition which roughly says that for linearly independence of series, it is enough to
consider the partial sums, with mild conditions.

Proposition 2.3. Let by < by < -+ < by be given positive integers and for each i =1,2,...,¢, let f; : N = Z\{0}
such that f;(n) = O(n*) for some non-negative integer k. Let 3 > 1 be a real algebraic integer such that all its
Galois conjugates are distinct from B and have absolute value less than or equal to 1. Let T be an infinite subset
of natural numbers N and for all large enough integer N € T, we let Ny = N1(N) be a linear function in N and
let N; = [1/(b1/b;)N1] for all i = 2,3,...,¢ such that for any integer i with 1 < i < ¢ and for any integer r > 0,
suppose that

bi(N; +1)% — by NZ > r(2Ny + 7). (2.8)

If

Co+012 51, nz “te ezﬂb = (2.9)

for some algebraic integers c; € Q(B) for all 1=0,1,...,¢, then we get

o+ C1 Z nQ +- Z ﬂb‘m2 = (210)

for all large enough N € T.

Proof. Let N € T be a large enough integer and N; is a positive integer defined as a function of N and N; =
[\/(b1/b;)Ny] for all i = 2,3, ..., ¢ such that for any integer ¢ with 1 <4 < £ and for any natural number r, we have
(2.8) holds true. Then by (2.9), we get

Cota Z n2 +- Z ﬂbgnQ =

Multiplying by ,Bblle on both sides, we get

Bblle Cotc Z b1n2 tote Z BbZNZ] B _ﬁblle l Z

n=N1+1

DY

n=N1+1

Lo ey

n=Ny+1

ﬂban :

DI

n=Ny+1

] . (211)

ﬁb1n2 BbgnQ

Let

Xy, = g (e ¥ Z Clﬂflm + Z CZ{‘LM ) |
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Then by the definition of N;’s, it follows that Xy, is an algebraic integer in K = Q(f8). If we prove that | Xy, | =
1
O <5Nl> for all large enough N € T with the implied constant in O does not depend on NN, then by Lemma 2.1,

it follows that X, = 0 and the assertion follows.
Since fi(n) = O(n*) for some integer k > 0 with an absolute constant involved in O, and by (2.8) with the fact
that NV; < Ny, we have

,5171]\’12 [ Z

anQ — v

2N, +1 2(2N; +2 . 22N +r

W B2N1 B2 ) B2(2N1+r)

k k k

< COla (M +1)7 (M +2) +.. W+t
52N1+1 [32(2N1+2) 52(N1+r)
Clel 1 B 1

S W <1+5+52+ >O(,6’N1>’ (2.12)
because k is a given constant and the estimate is valid for all large enough N;, where the implied O constant
depends only on ¢;’s and 3, not on the parameter N. Therefore, by Lemma 2.1, the proposition follows. O

We prove another technical lemma and a proposition which are useful in the proof of the main theorem.

Lemma 2.2. Let by < by < --- < by be given positive integers and for each i =1,2,...,¢, let f; : N — Z\{0} such
that f;(n) = O(n*) for some non-negative integer k. Let 3 > 1 be a real algebraic integer such that all its Galois
conjugates are distinct from 8 and have absolute value less than or equal to 1. Let T be an infinite subset of natural
numbers N and for all large enough integer N € T', we let Ny = N1(N) be a linear function of N, N; = [\/(b1/b;)N1]
foralli=2,3,...,0 and r1 = r1(N) < 24/b1ba N1 — 2. Suppose that

biN; — b1N12 +7r > IigNlc” (2.13)
foralli=2,...,¢ and for some positive constants ¢’ <1 and k. If

co+c Z ﬂb n2 —— Z ﬂw -0, (2.14)

for some algebraic integers ¢; € Q(B), not all zero, then

J\}'l1 N[l

co+ e Z 5”2 Z B’“’""’ =0. (2.15)

n=1

Proof. For a large enough integer N € T, it is given that

Cot Z 6b1n2 Z ﬂbgnz =

This implies
Ni— 1 Ne— 1

c N cofo(NN,
corer 3o G e 3 Ly = ey O
Multiplying this equality by ﬂblN 1771 to get
Ni— 1
by N2 o fi(V) cefe(Ne)
ﬂ 14Ny =71 (C +c1 Z 51)1”2 ) Z 51}[“2) - ﬂblle"F’ﬁ—blle +H.+4/BbeNg_7b1N12+T1.

Note that

biN2 — 1y — by(N; — 1)2 = by N2 — b;N2 + 2b;N; — b; — 1y
and since b1N12 — biNf > 0 and r; < 24/b1ba N7 — 2, we see that the left hand side of this equality is an algebraic
integer in Q(B). By the hypothesis (2.13) and f;(N;) = O(NF) for a fixed non-negative integer k, we see that the

1
right hand side is O 5 for some positive constant ¢’ < ¢ with implied constant in O does not depend on N.

N11 ( N/l

Therefore, by = 0. This proves the lemma. [
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Proposition 2.4. Let by < by < --- < by be given positive integers and for each i =1,2,...,¢, let f; : N — Z\{0}
such that f;(n) = O(n*) for some non-negative integer k. Let 3 > 1 be a real algebraic integer such that all its
Galois conjugates are distinct from B and have absolute value less than or equal to 1. Let T be an infinite subset
of natural numbers N and for all large enough integer N € T, we let Ny = Ni(N) be a linear function in N,
N; = [\/(b1/b;)N1] for all i = 2,3,...,¢ and 1 = r1(N1) are as in Lemma 2.2 such that (2.13) is satisfied. If
(2.14) is true for some algebraic integers ¢; € Q(B), not all zero, then ¢; = 0.

Proof. By hypothesis and by Lemma 2.2, we get

Ni— 1
Cota Z 5571712 Z ﬂbgrﬂ =
n=1
Now, multiplying both sides by [ Ni-1)? T we get

/@rl Bban Bb;nz
Since N,’s satisfies (2.13), we see that
bl(Nl—l) —Tl—b( 1) ZCNl

for all i = 2,3,...,m. If we let the quantity on the right hand side of (2.16) be X, _1, then Xy, _; is an algebraic
integer in K = Q(f). Since Xn, 1 = c1f1(N1 —1)/B™ and f1(n) = n* for a fixed natural number k, it is clear that

| XN, -1l = O

this information in (2.15), we get ¢; = 0. This proves the assertion. a

n=1

afili—1) _ _pghi(Ni-1) —m( +Ni22 cifi(n S+ Z il ) (2.16)

Iw,,) for some positive constant ¢” < 1. Therefore, by Lemma 2.1, we get Xy, 1 = 0. Putting

3. PROOF OF THEOREM 1.2

Since ag,...,a,, are distinct positive integers, we can assume, if necessary by rewriting the indices, that a; <
ag < -+ < am. Suppose to the contrary that the numbers in (1.1) are linearly dependent over Q(/). Then there
exist algebraic integers cg,c1,...,Cm € @(ﬂ) not all zero such that

Co+ 1 Z ﬁa n2 Z Ba n2 "t lm Z gzlmyﬂ =Y (31)

We divide the proof of this theorem into three cases.
Case 1. y/a1/a; € Qforall1 <j<m.

Since y/ai1/a; € Q for every j, multiplying by common denominator d, we have /a1 /a;dN is an integer for every
integer N € N and for j = 2,3,...,m. Choose a large positive integer N which is our parameter and set Ny = dN.

1
Then set N; = (2—1) ’ N; which is integer for ¢ = 2,3,...m and hence

aiN? —a;N? = a1 N? — a; (m) NZ=0. (3.2)
a;
Also note that for all i = 2,3,...,m and for any natural number ¢, we have
% 2
ai(Ni —|—£)2 — a1N12 = a; (((M) Ny +€> — a1N12 = 2€(a1ai)%N1 + aiKQ > 6(2N1 —‘,—f) (33)

By these choices of N;, we truncate the series in (3.1) and by multiplying by 6“1N12 on both sides to get

Balle Cot Zﬁa n2 +ote mzﬂa "2] :_ﬁalle [ Z Bam? +- Z

ﬁawth
n=N;+1 n=N,+1

Then by (3.2), we see that the quantity in the left hand side in (3.4) is an algebraic integer and lies in Q(8). By
(3.3), we see that these choices of N; satisfy the hypothesis of Proposition 2.3. Thus by Proposition 2.3, we get

fi(n fa(n m fm (N
co + Z 616@];”2 Z 6/26(12712 -+ Z cﬁamn"’ = (35)

(3.4)
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valid for all large enough integer Ni. By (3.2), (3.5) and with any choice of 7, = [¢N¢'] for some positive constants
c and ¢’ <1, we see that the choices of N;’s are satisfying the hypothesis of Lemma 2.2 to conclude that
Ni—1 Ny—1

o 3 G Sk S )

n=1 n=1

holds for all large enough mteger Nl. Therefore, by Proposition 2.4, we conclude that ¢; = 0.

Now, we replace the role of N7 by N and a; by as. Then by applying the same procedure, we get co = 0. Thus,
by continuing the same way, we can prove that c; =0 = ¢ = --- = ¢,,, and hence ¢y = 0, which is a contradiction
and hence the assertion follows in this case.

Case 2. 1,\/aj1/as,...,\/a1/a, are Q-linearly independent.

In this case, by Proposition 2.1, there exist infinitely many positive integers N such that

1 ar\ ? 1
< (2) mic< for i=23,...,m. 3.6
100m + 1 { (a) 1} Nz (3.6)

Nl] for i =2,3,...,m, then, by (3.6), we have

1
2

a;

If we set N; = {(‘“)

1

aq 1 aq 2 1 .

BN N - <N <(B)y N —— i=2..m
(ai) ! Vv 10am (al) ! v10am + 1

For all i = 2,3,..., m, we note that
)2 VTR Y~ (3.7)
ai W 10%m + 1 ! 10%m + 1 ) :

Also, note that for i = 2,3,...,m and for any integer k > 1, we have

1 2
aq 2 1
ai(Ni+k)2—a1N12>ai ((al) Nl\/m7am+k> 7Q1N12

1 2
= a; (k — 10&) +2\/U,ia1N1 (k'— 1

holds for all sufficiently large values of N;. With these choices of N;, by (3.7) and (3.1), we see that the quantity
in the left hand side, say, Yy, of the following equality

a1N? — a;N? > a1 N? — a; (

m

) > k(2N1 + k) (3.8)

N,

as SOB0 L SH o] e[ 5 Al 5 el

n=1 n=N;+1 n=Np,+1

ﬂalNl

1
is an algebraic integer in K = Q(3) and by (3.8), we see that |Yy,| = O (W) for some positive constant ¢ < 1.
Therefore, by Lemma 2.1, we get

o+ Z cg(fl‘lﬂﬂ -t Z cygf:nQ =

. 2am,
Now, by setting ry = [1()am/2N1} , we see that

2
1 2am
CLZN —alNl +7r1 Z ai< a1N1—> —01N2+Q7N1—1
a;

V10%m b 10am/2
ai1a; 20,
> —2 10am N1 1Oam/2N1—].ZCN1

for some positive constant ¢ as m > 2. Therefore, by Lemma 2.2, we get

we X BB STl LS el

n=1
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and this holds true for infinitely many N € T. Hence, by Proposition 2.4, we conclude that ¢; = 0.

Now, we replace the role of N7 by Ny and a; by as. Then by applying the same procedure, we get co = 0. Thus,
by continuing the same way, we can prove that ¢; =0 =cy = --- = ¢;, and hence ¢y = 0, which is a contradiction
and hence the assertion follows in this case.

Case 3. 1,\/ai/as,...,\/a1/a, are Q-linearly dependent.

By Case 1, we can always assume that \/a;/a; is irrational for some integer ¢ with 2 < i < m. In this case, for
some integer 2 < ¢ < m, the numbers

1, \/al/az, ceey \/a1/ag
are Q-linearly independent. We can assume that the set {y/a1/as, ..., /a1/as} is a maximal Q-linearly independent
subset of {\/a1/a; : 2 < j < m}, by renaming the indices, if necessary. Thus we have

al/ag+Z Zbik\/al/ak, forall ¢=1,2,...,m—¢, where b} € Q.

By Proposition 2.2, there exists € > 0 and there exist infinitely many positive integers N; such that

3
O<m<{(a1> N1}<77i+€2<1, for i=2,...,¢, (3.9)
a;
foreach j=1,...,m— ¢,
1
Lo 2 Lot 2
0< Apyj(e) =4 1 <“1) Ny < ST T B o)<, (3.10)
d d s, d d

for some integer 0 < 7 < d — 1 where d is a positive integer such that db,,; € Z. Here we are freely using the
notations of Proposition 2.2 by replacing b; by a;. Also, from the construction of 7;, (€L4; + €%)/d in the proof of

€Loyj + € 1
— < on for a given natural number h. For this case, we take

{(ﬁ)é]\h]’ fori=2,...,¢;

1
{( ‘“j)le], forall j=1,....m—fwith0<r<d-1,;

Proposition 2.2, we can make sure that »;,
h = 10da,,,. We set

Then by the choices of N;, we rewrite (3.1) as

ve B R et | B e 8 sk o

n=Ni+1 n=N,+1

/BalNl

We shall prove that a;N? — a;N? > 0 and for any integer k > 1, a;(N; + k)2 — ayNE > k(2N; + k) for all
1=1,2,...,m

In this case, by definition, we get a1N1 — alN > alN1 — alalNl =0 for all ¢ = 1,2,...,m. Hence, for all
i=1,2,...,¢ and for all natural number k, by (3.9), we have

1/2 2
ai(Ni—i—k‘)Q—alNlQ Z a; ((CH) Nl—’I]i—GQ—‘rk‘) —CL1N12

a;

= 2y/arai(k — (i + )N+ a;(k = (; + €))* > k(2N1 + k),
as 1; + €2 < 1 and a; > 2. Now, for all j = 1,2,...,m — £ and for all natural number k, by (3.10), we have
2

1/2
a
et <<1) Nl—sz+j(€)+k> — a1 Nt

Aot j

Y

aryj(Noyj +k)* — a1 N}

= 2y/aiaer;(k — Beyj(€))Ni + agyj(k — Berj(€))? 2 k(2N + k),
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Loij+ €2 1
% 2 o +I p < 1 and agq; > 2. Therefore, the quantity in the left hand side of (3.1),

say, Zy, is an algebraic integer and |Zy,| = O(8~1) for some positive constant ¢ < 1. Therefore, by Lemma 2.1,
we get

where By j(e) =

Co Z Clﬂilnﬂ -t Z’n Cnéfrnz =0 (3.12)

Subcase 1. r = 0.
Set 71 = [2v/2N;] and for i = 1,2, ..., ¢, we have

2
a
a;N} +r; —aiN} > aq (1 / afl_Nl — (i + 62)) + 11— a1N > —2y/a1a;(n; + €)N1 + a;(n; + €)% + Ny

= (1 —2varai(n; + €*))N1 + a;(n; + €)°.

1
Since n;+€2 < S5ay, Wesee that (1—2/a1a;(n;+€*) > 0. Hence for all large enough N;’s we have a; N?+r1 —a; N? >
cN; for some positive constant ¢. Now, for all j =1,2,...,m — £, we get

2
! Nl—Bngj(E)) —|-7"1—a1N12
Qg+ j

> 72,/a1ag+ng+j (E)Nl + az+ng+j (6)2 + 2\/§N1 -1
= 2Ni(V2— @iaz;Beyj(€) + aryjBeyj(e)® — 1.
Since in this subcase by (3.10), Byy;(€) = % we see that by the choice of ¢, the quantity v/2— ,/aiaz;; Bey; >

0. Hence for all large values of N7, we obtain ag+7N i Tri—a N2 > ¢1 Ny for some positive constant c¢;. Therefore,
by Lemma 2.2, we get

2 2
a4 Nip;+r—aNy = ae+j<

e fin) " eafa(n cm fm(
o + Z Balnz Z ﬁaznz -+ Z %aj:n =0

and this holds true for infinitely many N € T. Hence, by Proposition 2.4, we conclude that ¢; = 0.

Now, we replace the role of N; by N2 and a; by a2. Then by applying the same procedure, we get co = 0. Thus,
by continuing the same way, we can prove that ¢y =0 = cy = --- = ¢,,, and hence ¢y = 0, which is a contradiction
and hence the assertion follows in this subcase.

Subcase 2. r is non-zero.

In this subcase, we prove ¢; = 0 in a different way as the above method doesn’t work. Set ry = [v/N1]. Multiply
BNT=r1 on both sides of (3.12) to get

Ny a1 N2 —rq a N —r
a 2—7‘ & nﬁ ! 1 C’m m ﬂ ! !
COﬁ e + Z 1f1(ﬁ)€11n2 -+ Z f B‘lm’n2 =0.
Therefore, we get
Ni—1 a1 N2—r a1 N2—r
c1 f1(V- c L Cm fm L
c1fi(N1) — BalNl -y Z Lfi(n aﬁnz +Z Fm aﬁnz . (3.13)
/6 B ! n=1 6 "
Note that
CL1N12 — 7T — al(Nl — 1)2 = 2(11N1 —Trr—a— 1 Z 2N1,
and for all 4 = 2,...,¢ and by the choice of 1, we have

1 2
2
a1N? —r1 —a;N} = a1 N} — a; ((Zl) Ny — m) — 71 > 2niv/ara; Ny — /N1 — ain? > c3(e) N

(3
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and for all j =1,...,m — £, we have

1 2
2
2 2 2 ai
a1N1 — Ty — a[Jere_‘_j = alNl — Ayt <<aZ ) N1 — Ag+j(€)> — 71
+Jj

> 2,/a1ag+jAg+j(6)N1 — /N7 — ag+jAg+j(E)2 > C4(€)N1,

holds for all large values of N; and for some positive constants c3(e) and c4(e) which do not depend on N;. By
these inequalities we see that the right hand side of the equality (3.13) is an algebraic integer and lies in Q(3) and

it is O (ﬂ_N f) for some positive constant ¢ < 1. Therefore, by Lemma 2.1, we conclude that

Cc1 fl C@fe Cmfm .
o+ Z ﬁa1n2 s Z ﬁaan oot Z ﬁamn2 -
Consequently, from (3.12) we obtain ¢; = 0 and (3.12) becomes

co +Zch2 +i0mfm =0. (3.14)

ﬁagnz ﬂam n?
By continuing this way, we assume that ¢; = 0 for all ¢ = 1,2,...,¢. Thus in order to finish the proof, we need to
prove that cpy; =0 for all j =1,...,m — £ by assuming
Neta oo f c f
(41 £+1 mJm _
co + Z ﬂa4+1n2 -t Z /Bam7l2 - Y (315)

Multiplying by Ba+1NZt1 on both sides of (3.15) to get

N[+1 1
corrfort(Newr) — pap N2, —m cev1foia(n m fm (0
i —_3 P o+ Z B‘“ﬂ"z +Z Gom ng ) (3.16)

Since
ag+1N52+1 e ag+1(Ng+1 — 1)2 > 2&@+1N1 —\/Ni — CL%_H > 0,
and for all j =2,...,m —/,

1 2 1 2
2 2
2 2 ai ai
ag_,_lNe_,'_l — T —ag_;_jN“_j > g4l <<a4+1> Ny —Bg+1(6)> — Qg4 j ((a”-) Ny —Ag+j(€)> — T
J

= —2\/a1ag+1Bz+1(€)N1 + 2Ag+j(6),/a1ag+jN1 —+ ag+1B?+1(€) — Ag+j(€)2ag+j -7
> 2@ (Agﬂ-(e),/a”j — Bg+1(e)w/ag+1) N1 — +/Nj.

2
In order to prove a€+1N22+1 —7ry — aeHNfﬂ > 0, we need to show that a,q; > ap41 (%) . In the moreover
- J

B 2
part of Proposition 2.1, by taking h = 10d max{ay,...,an}, we can get 1 < (e+1(6)> <1+ . This proves

, Aryj(e)
that agq; > ar41 (fiijgg) . By these inequalities, we see that the right hand side of (3.16) is an algebraic integer.

9am

Since the left hand side O(S~N7) for some positive constant ¢ < 1, by , we conclude that ¢, 1 = 0 and we get

coev2fora(n Cmfm(n)
o + Z Baz+2’ﬂ2 + Z Bamn2 -
n=1
Hence, by continuing this process, we get ¢; = 0 for all i = £+ 1,...,m and hence ¢y = 0, a contradiction. Thus

this proves the subcase 2 and Case 3. Hence the theorem follows.
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