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ABSTRACT. Let b > 2 be an integer and a a non-zero real number written in
base b. In 1973, Mahler proved the following result: Let o be an irrational num-
ber written in base b and let n > 1 be a given integer. Let B = boby ...bp—1
be a given block of digits in base b of length n. Then, there exists an integer
X with 1 < X < b***1 such that B occurs infinitely often in the base b repre-
sentation of the fractional part of X . In this short note, we deal with some
conditional quantitative version of this result.

1. INTRODUCTION

Let b > 2 be an integer. We say a non-zero real number « is written in base b

if there exist ag € Z and non-negative integers ai,as,...,ax, with 0 < ap <b—1
such that
aq a2 ag
1.1 - T . AN
(1.1) o = ag + b + 12 + + bE +

A basic result says that every real number has a base b representation and this
way of representing real numbers provides a necessary and sufficient condition for
it to be a rational number. More precisely, we know that a real number « has an
eventually periodic base b representation (this means that a, 1 = a, for all n > Ny
and for some integers Ny > 1 and k > 1) if and only if it is a rational number. In
this article, we shall deal with irrational numbers.

Since we shall study the digits which appear after the decimal place, we need
to deal with the fractional part of a (denoted by {a}) of real numbers. Hence, we
shall assume that o € [0,1) is an irrational number. Let B = bgb;...bx—1 be a
given block of digits of length & in base b. For any real number « € [0, 1) satisfying
(1) and for any integer m > 1, we let

(1.2) Np(m,a) = {i : a;ai41...a;45-1 = B, for any i <m —k + 1}|

denote the number of times the given block B occurs in the first m digits of « in
base b.
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The given block B of length k in base b is said to occur in the base b expansion
of a real number « satisfying (1)) with the frequency v if

(1.3) lim YB(™)
m—oo m
A real number « is said to be normal to base b if for every integer k > 1, every
block B of length k occurs in a with the frequency 1/b*.
In 1909, E. Borel [3] proved that with respect to Lebesgue measure almost all
real numbers are normal in all the bases b > 2 and conjectured the following.

Conjecture 1 (E. Borel, [3]). Every algebraic irrational must be normal to base b
for every integer b > 2.

No single example of an algebraic irrational is known to satisfy Borel’s conjecture
yet. Even for the simplest algebraic irrational number v/2, we do not know whether
it is normal to the base 2. In order to prove Borel’s conjecture, we need to prove that
if o is an algebraic irrational satisfying (L.T]) and for a given block B = boby ... bg_1
in base b, then we have Ng(m,a) ~ m/b* for all large enough integers m.

In 1973, Mahler [4] proved that if « is an irrational number satisfying (L)) and
B is a given block in base b of length k (for a given integer k > 1), then there
exists an integer X with 1 < X < b2kt such that the block B occurs in the base b
representation of the fractional part of X« infinitely often. In particular, if we take
@ to be algebraic irrational, then there exists an integer X with 1 < X < b?**! such
that the base b representation of { X} captures the given pattern B infinitely often.
It may happen that for a different B, we might get different X. Hence, finding one
example of an algebraic irrational a which captures all patterns of length & for all
integers k£ > 1 infinitely often is not solved yet. In 1994, Berend and Boshernitzan
[2] improved the bound of the integer X in the theorem of Mahler. Indeed, they
proved the same result with 1 < X < 2bF+1. In 2008, Adamczewski and Rampersad
[1] proved that every algebraic number contains infinitely many occurrences of 7/3-
powers in its binary expansion. In the same paper, they proved that every algebraic
number contains either infinitely many occurrences of squares or infinitely many
occurrences of one of the blocks 010 or 02120 in its ternary expansion.

If B="by...by_1 is a given block in base b, then we write the integer by +
bib*=2 + ... + by, associated to B by L(B). Note that if the block B =
0...0bp...bg_1 for some integer £ < k — 1 and by # 0, then the integer L(B) <

£ times
bkflfl

bkfl

— 1. However, we treat this integer L(B) < b*~! — 1 without getting into
much finer analysis.

In this short note, we are dealing with a conditional quantitative version of
Mahler’s Theorem. Indeed, we prove the following theorems.

Theorem 1. Let a € [0,1) be an irrational number satisfying (LI). Let m and n
be positive integers satisfying 1 < m < n and let B = bgby ...by_1 be a given block
of digits in base b. If the block By = 00...0a for some integer a € {1,2,...,b— 1}

n times
occurs in the base b representation of o with the frequency v for some real number v

satisfying 0 < v < 1, then there exists an integer X with L(B) < X < b(L(B) + 1)
such that B occurs in the base b representation of the fractional part of X« with

the frequency at least
B.

v
L where L(B) is the non-negative integer associated to
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When By occurs in o with the frequency b~"~1, then B occurs in X« with the
frequency at least b=™~"~2 for some positive integer X. We shall improve Theorem
1 under additional assumptions as follows.

Theorem 2. Let a € [0,1) be an irrational number satisfying (LI). Let B =
bob1 ...bn—1 be a given block in base b for some integer n > 1. Suppose the block
By=00...0c1...cpq2 withe; € {0,1,...,b—1} forallj=1,...,n+2 andc; #0

n times
occurs in o with the frequency v for some real number v satisfying 0 < v < 1. Then

there exists an integer X with L(B) < X < b(L(B) + 1) such that the given block
v

B occurs in the fractional part of Xa with frequency at least

b+1°

Corollary 1. Let o € [0,1) be an irrational number satisfying (LI)). Let B =

bob1 ...bn—1 be a given block in base b for some integer n > 1. Suppose the block

By =00...01 0...0 occurs in « with the frequency v for some real number v
—— ——

n times n-+1 times

satisfying 0 < v < 1. Then there exists an integer X for some X € {k,k+1,...,

bn+2
k+ b} with k = {WL(B)] + 1 such that the given block B occurs in the

fractional part of X« with the frequency at least

v
b+1°

For example, let us take the Champernowne number o = 0.1234567891011 ...
written in base 10. Then it is well known that « is irrational and normal to the
base 10. For any integer n > 1, take the block B =100...01 in base 10. Since the

n times

block Bo = 00...0 1 00...0 in base 10 occurs in the base 10 representation of
—— N——

n+2 times n+43 times
1

Toznie by Corollary 1, there exists an integer X satisfying

X € {10""2 + 1,...,10""2 + 11} such that the block B occurs in the base 10

as L(B) = 10"t 4+ 1.

« with the frequency

1
tati f{X ith f t least —————
representation of {Xa} with frequency at leas 11 x 102776°

2. PRELIMINARIES

We shall start with the following main lemma. The proof of this lemma is
essentially due to Mahler [4], and we are reformulating in the following way.

Lemma 2.1. Let o € [0,1) be an irrational number satisfying (LI)). For any
integern > 1 and m with 1 < m <mn, let B =byby...b,,_1 be a given block in base

b. S the block By = 00...0 nt 1,...,b—1 in th

uppose the block By a for some integer a € {1,..., } occurs in the
n times

base b representation of a, say, an, = Gpy+1 =+ = Apgyn—1 = 0 for some integer

ho > 1. Then there exists a positive integer X with L(B) < X < b(L(B) + 1) such
that the given block B occurs in the base b representation of {Xa} with

Cho+n—m = bOa Cho+n—m+1 = b17 «+ 3 Chog4n—1 = bm—l;

o0
where {Xa} = Z Z—Z
h=1
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Proof. Suppose that the block By :=00...0a with a € {1,...,b— 1} occurs in the

n times
base b representation of a such that

Ahy = Ahg+1 =+ = Ahgtn—1 = 0, and apo4n = a

for some integer hy > 1. Putting h; = hg + n, we get an, = a. Now, we define

ho—l o0
ap, ap,
(21) s = Zb—handt: m
h=1 h=h1
and hence we get
t
(22) a:{a}:s—i—bhl—_l.

Also, note that s € Q and ¢ is an irrational number. Indeed,

> a a 1
. h h1 1
t= ph—h1+1 > ph1—h1+1 = b’
h=h,
as ap, > 1, and hence we get
1
(2.3) S <t<l

We write the integer associated to the given block B = bgby...b,_1 in base b
by L(B) = bob™ t + b1b™ 2 + .- + b,y # 0. (If L(B) = 0, then the lemma
follows, by taking X = 1.) By (Z3]), we see that there exists an integer X such
that Xt € (L(B), L(B) + 1). Then, we get:
(1) [Xt] = L(B), the integral part of Xt.
(2) Since Xt € (L(B),L(B) + 1), we get
L(B L(B)+1
(B) _  LB)+L
t t
and hence, by [23)), we get L(B) < X < b(L(B) + 1).
Now, note that

(2.4)

Xt by by bmn—1  {Xt}
bhl—l - bhl—m + bhl—m+1 tee Tt bhl_l bhl_l :
Therefore, by (Z2)) and (Z3]), we get
Xt bo b1 bm—1  {Xt}

(2.5)

(2.6) X{a}=Xs+ phi—1 Xs+ phi—m + phi—m+1 T phi—1 " phi—1"
‘We have

(2.7) {X{a}} = {Xa},

because

X{a} —{Xa}=X(a—[a]) — (Xa—[Xa]) =[Xa] — X]a] € Z.

Also, since X is an integer, by (21]), we conclude that the denominator of Xs
divides b"~1. Since hg — 1 < hy —m and by (Z1), we get

dho—1 bo by b1 {Xt}
; +"'+bh1—1 phi—1’

dy
[Xap= S Sty 0
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for some d; € {0,1,...,b—1}. Note that Xt is an irrational number and hence the
Xt >
base b representation of [Ehl—}; = Z Z—Z Therefore, as hy = hg + n, we see that

h=h,
hi—m=hg+n—m,hy—m+1=hg+n—m+1,....h —1=hg+n-—1

and hence we have proved the lemma. O

Lemma 2.2. Let L > 1 be an integer written in base b as byby . .. bym_1 with by # 0
for some positive integer m. Let S be the set of all positive integers k for which
there exists an irrational number t satisfying 1/b <t <1 and kt € (L, L+1). Then,
we have |S| < b™*L,

Proof. Let k € S be any positive integer. Then there exists an irrational number
t with 1/b < t < 1 such that kt € (L, L + 1). Therefore, we get L < kt < L +1,
which implies that

L L+1
L<?<k<T+<b(L+1).
Since b(L + 1) — L < bb™ — 1 < b™*!, we see that |S| < b™ 1!, as desired. O

Corollary 2.2.1. Let a € [0,1) be an irrational number satisfying (LI). For
any integers n > 1 and m with 1 < m < n, let B = bgby...by_1 be a given
block in base b. If the block By = 0...0 a for some a € {1,2,...,b— 1} occurs

n times
infinitely often in the base b representation of a, then there exists an integer X with

L(B) < X < b(L(B) + 1) such that the given block B occurs in the fractional part
of Xa infinitely often.
Proof. Suppose that the block By = 0...0 a for some a € {1,2,...,b— 1} occurs

n times

infinitely often in the base b representation of @ = 0.a1as...ap .... Let the block
By = 00...0a occur in the base b representation of « as follows:

—

n times

a = 0.aas...ap... ahgl’—100 e Oaahél)JrnH e ahgm_l()o - Oaahg2)+n+1
n times n times
. ahéTLlOO N Oaah[()ernJrl e
n times

For any integer r = 1,2,..., we let

s, =0.a7.. Ly and t, = O.aahér>+n+1 R

Clearly, s, is a rational number and ¢, is an irrational number satisfying
123
o = Sp + T

bho +n—1

For each pair (s;,t,), we apply Lemma 2.1 to get an integer X, with L(B) < X,. <
b(L(B) + 1) such that the given block B occurs in the fractional part of X,a. By
Lemma 2.2, there can be at most ™! distinct integers X, available in the interval
(L(B),b(L(B) +1)). The assumption that By occurs infinitely often together with
the Dirichlet box principle implies that there is an integer X € (L(B),b(L(B) +1))
for which the assertion is true. |

We improve the estimate for |S| under some extra assumptions as follows.
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Lemma 2.3. Let L > 1 be an integer written in base b as boby...b,,_1 for
some integer m > 1. Let c1,Ca,...,Cmy2 be given integers such that ¢ # 0 and
¢i € {0,1,...,b— 1} for alli = 1,2,...,m + 2. Let S be the set of all posi-
tive integers k for which there exists an irrational number t written in base b as
0.c1¢2 ... Cmyodidy ... with d; € {0,1,...,b—1} and kt € (L,L +1). Then

Sc{X,X+1,...,X+0b}
for some positive integer X . In particular, |S| < b+ 1.

Proof. Clearly, |S| > 1, and as any irrational number ¢ of the form
t = 0.c1...Cpq2dy ... with ¢; # 0 satisfies 1/b < ¢t < 1, we see that there ex-
ists an integer k > 1 such that kt € (L, L + 1). We now prove the upper bound.
In order to prove |S| < b+1, we take my # mg in S and we prove that [m;—ms| <
b+ 1.
Take tl = 0.0162 [N Cm+2d1d2 ... and t2 = 0.0162 ...Cmp42€1€2 ... are two irra-
tional numbers written in base b. Then, we have
|d1—€1| ‘d2—€2| < b—1 b 1

- +

(28) ‘tl — t2| S bm+3 bm+4 C S bm+3 b—1 - bm+2 .

Let m, and mo be two distinct positive integers in S. Then, there exist two
irrational numbers t; and to satisfying (Z8) and m;t; € (L, L + 1) for all i = 1, 2.
Therefore,

(29) |m1t1 — m2t2| < 1.

Since my # mo, without loss of generality, we may assume that m; > mq > 1.

If t1 = to, then |myt) —mats| = t1|m1 —mse| < 1 implies that |m; —ma| < 1/t; <
b, as t; > 1/b. In this case, we are done. Hence we can assume that t; # to. If
t1 > to, then, clearly, as my > mso, we see that

0< (m1 —mg)tg =mqtas — Moty < Mit; —Mmaota <1 = m1 —ma < 1/t2 < b,

as desired.
Thus, we assume that m; > mq and t; < o together with mqt1, mots € (L, L+1).
We claim that mqt; > moto. If possible, we suppose mit; < moty. We consider

(mo — mg +ma)ts = maty < mote = (M1 — ma)t1 < ma(te —t1).
Since to — t; > 0, by ([23)), we get

ma ma2

(m1—ma)t) < ) = (m1 —my) < e
. . L+1
Since 1/b < t; for i = 1,2 and by 24)), ms < < b(L+1), we get
2
V(L+1) L+1
(2.10) My —my < Sl =

Since L < ™ — 1, we get L + 1 < b™ and hence, by ZI0), we get m; —mq < 1,
which is a contradiction to the fact that m; > mo 4+ 1. Hence, we always have
myty > meots.

Since mit; > mots, we have 0 < mqty —mats < 1 and hence —1 < moto—myt; <
0. Thus, we get

moto > —14+mqt; = -1+ (m1 — mo + mg)tl =—-1+4+ (m1 - mg)tl + motq.
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Therefore, we have

m m + mo 152 t —— m meo +
1 2)t1 1 1 tl tlbm+za

by [238). Since t; > 1/b and mab < ™2, we get
mp —mo < b+ 1,

as desired. This proves the lemma. O

Lemma 2.4. Let L > 1 be an integer written in base b as boby . ..by,—1 for some
integer m > 1. Let S be the set of all positive integers k for which there exists an
irrational number t written in base b as 0.1 0...0 didy... withd; € {0,1,...,

m+1 times

b—1} and kt € (L, L+ 1). Then
SCc{X,X+1,....,X +b}

m—+2
where the integer X is X = {meﬂL] + 1.
Proof. Put ¢y =1 and ¢c3 = -+ = ¢42 = 0 in Lemma 2.3. Then a positive integer

k € S if and only if there exists an irrational number ¢ written in base b as

0.1 0...0 dids... WlthdJE{O,l,,b—l}

m+1 times

such that kt € (L, L + 1). Note that such an irrational number ¢ satisfies

1 1 b-1 b-1 1 IR
i<yttt T T T e T e
L L+1
Therefore, k € S if and only if 7 <k< + , and hence we get
bm+2
kelS —— L <k<b(L+1).
€S = e <k<b(L+1)
Note also that
b(L+1)— LA (b FPL+ " +bL+b—b™12L)
prtl 17 il 4]
bL
= W +b<b+1,
as L < b™ — 1. Therefore, by Lemma 2.3, we arrive at the result. O

3. PROOFS OF THEOREMS 1 AND 2 AND COROLLARY 1

Proof of Theorem 1. Suppose that o € [0, 1) is an irrational number satisfying (L))
written in base b. By hypothesis, the block 00...0a (for a fixed a € {1,...,b—1})

n times
occurs in the base b representation of a with the frequency v for some 0 < v < 1.

By keeping the same notation as in the proof of Corollary 2.2.1, we see that for
each pair (s,,t,.), by Lemma 2.1, we get an integer X, satisfying L(B) < X, <
b(L(B) + 1) such that the given block B occurs in the base b representation of the
fractional part of X,a.

Licensed to Harish Chandra Research Institute. Prepared on Sat May 2 11:02:00 EDT 2020 for download from IP 14.139.59.140.
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



4614 N. K. MEHER, K. SENTHIL KUMAR, AND R. THANGADURAI

Let S1 be the subset of the natural numbers which consists of all the natural
numbers X, such that B occurs in the base b representation of the fractional part
of X,a as in Lemma 2.1. By Lemma 2.2, we know that 1 < |S;| < ™1,

In order to finish the proof of this theorem, we need to prove that there exists
an integer X € S for which the block B occurs in the base b representation of the
fractional part of X with the frequency > v//b™+1,

On the contrary, we can assume that for every integer Xj) € Si, the block B
occurs in the base b representation of the fractional part of X« with the frequency,

v
say, fr < Tk To finish the proof, we need to get a contradiction.

For any natural number R, we define the set S3(R) which consists of distinct
blocks, say, ax iax (i+1) " ax,(i+m—1), in the first R digits of the base b represen-
tation of the fractional part of Xa for some X € S such that axax (it1) -
ax (i+m—1) = B. Then, by Lemma 2.1, we get

(3.1) 1S2(R)| = N, (R, ).
Since v > 0, by B1I), it follows that f; > 0 for some integer X € S;. Now we
define
. v
(3.2) 6:m1n{6k:5k:W—fk} for all X € 5.

Since fr < v/b™*! for all X; € Sp, we see that § > 0. Choose a real number
e =6/4 > 0. Since By occurs with the frequency v in «, by ([L3), there exists a
natural number Ry such that

(3.3) Np,(R,a) > R(v — ¢) for all integers R > Ry.

Since b and m are fixed positive integers, we let ¢ = ot > 0. For this €1, by
([L3), there exists a natural number Ry such that
(3.4) Np(R', {Xra}) < R fr + R'e; for all R" > Ry and for all X} € S;.

Let R be any natural number satisfying R > max{Ry, R1}. Also, by the definition
of S3(R), we have

(3.5) 1S2(R)| < ) Np(R,{Xpa}).

XKES,
Therefore by B1)), 33), B.4) and [B.3]), we get
v
Rv—Re < |Sy(R)|< > (fiR+Re)= Y (W - 5k) R+ R|S:]e;.
Xp€eS1 Xr€eSy
Hence, by Lemma 2.2, we get
Rv—Re<Rv—R Y 6+ R|Si|e.
Xr€ES
This is equivalent to saying that

—e<— Y G+[Sila<— 5k+g:— > Gte

Xr€S1 Xr€S1 Xr€S1
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and hence we get

—2€:—g<— Z Ok,

Xr€ES
which is a contradiction to the choice of § as in (8:2). This proves the theorem. O

Proof of Theorem 2. By the assumption together with Lemma 2.3, we get the result

along the same lines as the proof of Theorem 1. |

Proof of Corollary 1. By taking ¢; =1 and ¢o = -+ = ¢;,42 = 0 in Theorem 2 and

by Lemma 2.4, we get the corollary. |
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