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ABSTRACT. Let a be a non-zero algebraic number. Let K be the Galois closure
of Q() with Galois group G and Q be the algebraic closure of Q. In this article,
among the other results, we prove the following. If f € Q[G] is a non-zero
element of the group ring Q[G] and « is a given algebraic number such that
f(a™) is a non-zero algebraic integer for infinitely many natural numbers n,
then a is an algebraic integer. This result generalises the result of Polya
[Rend. Circ Mat. Palermo, 40 (1915), pp. 1-16], Corvaja and Zannier [Acta
Math. 193 (2004), pp. 175-191] and Philippon and Rath [J. Number Theory
219 (2021), pp. 198-211]. We also prove the analogue of this result for rational
functions with algebraic coefficients. Inspired by a result of B. de Smit [J.
Number Theory 45 (1993), pp. 112-116], we prove a finite version of the Polya
type result for a binary recurrence sequences of non-zero algebraic numbers.
In order to prove these results, we apply the techniques of Corvaja and Zannier
along with the results of Kulkarni et al. [Trans. Amer. Math. Soc. 371 (2019),
pp. 3787-3804], which are applications of the Schmidt subspace theorem.

1. INTRODUCTION

We deal with the problem of determining whether a given algebraic number «
is an algebraic integer under certain conditions. In 1915, Polya had proved the
following statement: If Trg(a)/q(a™) are integers for all natural numbers n, then o
s an algebraic integer. A proof of the above result, by elementary manipulations,
does not seem plausible owing to Newton’s identities [§]. In the proof provided by
Polya [11], he uses Fatou’s lemma by considering the generating function of the
trace operator (which is a rational function). Alternative proofs were given by H.
Lenstra and P. Ponomarev [4] independently using complementary modules.

The theorem of Polya doesn’t hold when we consider an infinite subset of natural
numbers. For example, for the algebraic number a=1/2/2, we have Tro 3 /Q(l/\/i)”
is always an integer whenever n = 1 mod 2. Hence we need to assume ‘non-zero
integer’ condition when we consider the Polya’s question for an infinite subset of the
natural numbers. In [2], P. Corvaja and U. Zannier, using the subspace theorem,
proved the following. Suppose « is an algebraic number and let E be an infinite
subset of N. For each n € E, suppose there exists a positive integer q, such that
lim,ep(logg,)/n =0 and Trg)/0(gna™) € Z. Then «a is either the h-th root of a
rational number for some positive integer h or an algebraic integer. P. Philippon
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and P. Rath [9] proved a similar result by replacing the integer ¢, with a constant
which is a non-zero algebraic number.

A finite version of Polya’s question was refined further by B. de Smit [4] who
explicitly computed the constant C' in terms of a: If Trg)@(a™) € Z for 1 <
m < C, then « is an algebraic integer. A finite constant is expected because we
need to evaluate only finitely many elementary symmetric functions at the Galois
conjugates of a to determine whether the given value « is an algebraic integer. The
constant C' in B. de Smit’s result is optimal.

In this paper, we study two problems, namely,

(1) We consider the generalised power sums of the form Ajaf +- - -+ \za} where
Ai, o are algebraic numbers and ¢ > 1 is any integer. If the power sum
is an algebraic integer for infinitely many ¢’s, then under what conditions,
we can conclude «;’s are algebraic integers? As applications of this result
(Theorem 271]), we consider the analogous situation over polynomials, group
rings, function fields and a linear combination of trace powers of algebraic
numbers.

(2) Some special cases wherein we can restrict £ to a finite (effective) set for a
generalised power sum.

The main ideas of our work are coherent with those of [2], [4] and [9].

2. OUR RESULTS

Given a set of non-zero algebraic numbers a,...,a,, we partition them into
equivalence classes by the following equivalence relation:

(2.1) a; ~ o if and only if their ratio is a root of unity.

The algebraic numbers aq,...,q, are said to be non-degenerate if they have k-
equivalence classes. In general, by the equivalence relation in (2I), a tuple
(o, ..., o) induces a partition on the index set Z = {1,..., k}, that is, T = U; I},
where for each j, the set {a, : r € I,;} is an equivalence class under ([2.1)).

We denote the field of all algebraic numbers by Q and the ring of all algebraic
integers by Z, and we set (;, := e*™/" for an integer h > 2. Now we state one of
the main theorems as follows.

k
Theorem 2.1. Let L(Xq,..., X)) = Z)‘iXi be a linear form with coefficients \;
i=1
n @X. Let (aq,...,a) € Q*F be a given k-tuple of algebraic numbers such that
L(ay,...,a}) €L,
for n in an infinite set & C N. Then for each subset I; of T = {1,...,k} corre-
sponding to an equivalence class induced by 2.1I), one of the following holds true:
(1) We have Z Aol =0 for all but finitely many values of n € &.

acl;
(2) The numbers a; are algebraic integers for all i € I;.

Now we proceed to provide some consequences of Theorem 2.1l Theorem [Z.21and
Theorem 23] follow immediately from Theorem 2] and the conditions imposed on
these theorems are necessary to ensure that a given algebraic number is an algebraic
integer.
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2.1. Polynomial values. Here the linear form £(X7y, ..., X)) can be replaced with
a polynomial P(X7,..., X}) satisfying some mild hypotheses.

Theorem 2.2. Let P(Xy,...,X%) be a polynomial with algebraic coefficients and
assume that P(X1,0,...,0,0) is a non-constant polynomial. Let vy, ..., ay be mul-
tiplicatively independent non-zero algebraic numbers such that P(af,...,af) € Z
for infinitely many positive integers n. Then the number aq is an algebraic integer.

Remark 2.1. Theorem is no longer true if we remove the condition on
P(X1,0,...,0) is a non-constant polynomial. For instance, let P(X,Y) = XY +1
and fix a prime p # 2. Choose oy = 1/p and as = 2p and note that P(af,ad) =
2" 4+ 1 € Z for all natural numbers n.

2.2. Group rings. Let a be a non-zero algebraic number, K, be the Galois closure
of Q(a) and G, = Gal(K,/Q) be the Galois group. We identify the index set Z of
Theorem 2.1 as the elements of G, for convenience, and consider the group ring
Q[Gal-

Theorem 2.3. Let f € Q[G,] be a non-zero element such that f(a™) € Z\{0} for
n in an infinite subset & C N. Then « is an algebraic integer.

Remark 2.2. In particular, Theorem 23 proves the following: If o(a™) — ™ is
a non-zero algebraic integer for infinitely many n, then « is an algebraic integer.
However, the same conclusion is not possible by applying the trace operator because
Trg/g(o(a™) — a™) = 0. One notes that this fact can be obtained by applying the
number field version of Ridout’s theorem, see for instance, Corollary 1.2 in Chapter
7 of S. Lang [7] (or Theorem D.2.1 in [5]).

2.3. Action under the trace map. Let a be a non-zero algebraic number of
degree d and let o = vy, ..., aq be all the Galois conjugates of a. If P(X) € Q[X]
is a non-zero polynomial of «, then

Tri/o(P(a”)) = Qaf,. .., aq),
where Q(X1,...,Xq4) = P(X1)+- - -+P(X4). Though the polynomial @ satisfies the
hypothesis of Theorem 2.2] the numbers a1, as, ..., ag need not be multiplicatively
independent. However, we have Theorem [Z.4] for the trace operator.

Theorem 2.4. Let a be a non-zero algebraic number and let P(X) = ApXP +-- -+
Ao € Q[X] be a non-constant polynomial of degree D and let L = Q(\o, ..., Ap, ).
If Trp jo(P(a™)) € Z for each n in an infinite set & of natural numbers, then either
a 1s an algebraic integer or for each v =1,2,..., D, we have TrL/@()\iozm) =0 for
all but finitely many n € &.

When we consider a multivariable generalisation of Theorem 2.4l we may have

that the trace operator vanishes for a subsum for trivial reasons. For simplicity, we
consider a linear form in several variables.

Theorem 2.5. Suppose aq,...,Qk, A\1,... g be distinct non-zero algebraic num-
bers. Let L = Q(a;, A | 1 < i < k), K be its Galois closure and h be the order of
the torsion subgroup of K* over Q. Suppose Trp g(Maf +---+ A\paf) € Z forn
in an infinite subset & C N. If oy is not an algebraic integer, then there exists an
integer a € {0,...,h— 1} and a subset I of {1,...,k} containing 1 such that

TTL/Q <Z )\ia?> = 0,

el
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where for each i € I, there exists o; € Gal(K/Q), the Galois group of K, such that
oi(ag)/ay is a root of unity.

We have the following interesting corollary as a consequence of this result.

Corollary 2.1. Let ay,...,a, A1,..., A\, be non-zero algebraic numbers. Let L =
Qag, Ai | 1 < i < k), K be its Galois closure and h be the order of the torsion
subgroup of the multiplicative group K*. Suppose that no subsum of \iaf +--- +
Awaf vanishes, under the trace map, for each a € {0,1,... h—1}. If Trp ;o(Aaf +
-+ Apa}) € Z for infinitely many natural numbers n, then each «; is an algebraic
integer for alli=1,... k.

Corollary [ZT] can be considered as a multidimensional generalisation of a result
of P. Philippon and P. Rath in [9].

2.4. Determining the nature of rational functions. We consider a function
field (of characteristic 0) analogue of Theorem [ZT] in the simplest setting after
imposing some additional restrictions.

Theorem 2.6. Let f1(X),..., fu(X) be non-constant rational functions with alge-
braic coefficients and A1, ..., A\ be non-zero algebraic numbers. Assume that the
ratio f;(X)/f;(X) is not a constant function for each i # j. If

k
(2.2) Z Xi(fi(X)" € Z[X]

for m in an infinite subset & C N, then each f;(X) € Z[X].

It might be possible to show each of the functions f;(X) are polynomial functions
without appealing to the subspace theorem. However, the approach here is to
deduce the nature of rational function via its specialisations.

2.5. Determining algebraic integers in finite iteration. In the work of B.
de Smit [4], a finite bound on ¢ in Trg(a)/g(a’) was given in order to determine
whether « is an algebraic integer. We provide the following generalisations:

Theorem 2.7. Let oy be a non-zero algebraic number and as, ..., ar be all the
other Galois conjugates of oy for some integer k > 2. Let K be the Galois closure
of Q(an) and [K : Q] = d > k. For any integer by, ..., by (not necessarily distinct)
such that by + -+ 4+ by = n # 0, if Trgg(brog + -+ + brayg,) € Z for all j =
1,2,...,d + d[logy(nd)] + 1, then oy is an algebraic integer and so is o for each
i>2.

We now look at a multidimensional analogue of B. de Smit’s result more gen-
erally, not just for trace operators, but for a given linear recurrence sequence.
Let o; € @X be distinct algebraic numbers, \; € @X foralll <i <k, K=
Q(aq,...,ak,A1,... \;) and Ok be its ring of integers. We ask Question [Tt
Question 1. Does there exist a constant C' (depending on «; and ;) such that

Alaf—l—---—i—)\kaie(?;( forall1 </ <C = a; €Ok forall 1 <j<k?

When k = 1, one can answer Question [I] positively with C' = 1 4+ max, v, (A1)]
where p runs through the non-zero prime ideals in Og and v, denotes the valuation
at p. Here, we answer this question when & = 2 and highlight some difficulties in
generalising this proof for arbitrary k in Remark 5.1
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Theorem 2.8. Let oy, 09, M1, A\a be given non-zero algebraic numbers. Let K =
Q(A1, A2, a1, a2) and let

1
C=2+ [5 mgx |vgs (A1 Az (o — a2)2)}—‘ + m§x|vm(A1A2)\ ,

where P runs through the non-zero prime ideals in Ok . If
)\1@{ + /\2045 € Ok foralll << C,

then aq,as € Ok.

3. PRELIMINARIES

In this section, we state the propositions/theorems required for the proof of
our theorems. We also need some results which are applications of the Schmidt
Subspace Theorem, formulated by Evertse and Schlickewei. For a reference, see
[T, Chapter 7], [12, Chapter V, Theorem 1D’], and [13, Page 16, Theorem I1.2].

Let K be a number field which is a Galois extension over Q. Let Mg be the set
of all places on K and M, be the set of all archimedean places on K. For each
place w € My, let K, denote the completion of the number field K with respect to
w and d(w) = [K,, : Q,], where v is the restriction of w to Q. For every w € M
whose restriction on Q is v and o € K, we define the normalized absolute value
| - | as follows:

(3.1) la] == |NormKw/Qv (oz)\lm
Indeed if w € M, then there exists an automorphism o € Gal(K/Q) of K such
that for all x € K,

2] = |U(x)|d(K)/[K:@],

where d(K) = 1 if K C R and d(K) = 2 otherwise. Note that since K is Galois
over Q, the embeddings are either totally real or totally complex, and hence the
function d(K) is constant. Thus, under the definition (BII), the product formula

H |z], = 1 holds true for any € K*. For a non-zero vector x = (z1,...,%,) €

wEMKk
K™, the projective height, H(x), is defined by

H(X) = H maX{|$1|w,---a|33n|w}'
weEM§K

We require the following results from [6].

Proposition 3.1 (A. Kulkarni, N. Mavraki and K. D. Nguyen [0]). Let ai, ..., ax
be non-degenerate non-zero algebraic numbers and let A1, ..., A\ be non-zero alge-
braic numbers. Then there are at most finitely many natural numbers n satisfying

Aol + -+ Apag =0.

Theorem 3.1 (A. Kulkarni, N. Mavraki and K. D. Nguyen [6]). Let K be a number
field which is Galois over Q and S be a finite set of places, containing all the
archimedean places. Let \y,...,\p be nmon-zero elements of K. Let ¢ > 0 be a
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positive real number and w € S be a distinguished place. Let € be the set of all
(ut,...,ur) € (OF)* which satisfy the inequality

k
max{|u|w, - - -, |Uk|w}
3.2 0< Aui| < )
( ) JZ:; ] H(ul,...,uk,l)’f

w

where OF is the ring of S-units in K. If € is an infinite set, then there exist
c1,... ¢ € K, not all zero, such that

cuy + -+ cpup =0
holds true for infinitely many elements (uy, ..., u) of €.

We prove Proposition B2l regarding the elements of Galois group fixing the equiv-
alence class of a non-zero algebraic element « (given by (21I)). This is of indepen-
dent interest.

Proposition 3.2. Let o be a non-zero algebraic number, and K be any Galois
extension of Q containing o with its Galois group G = Gal(K/Q). Let

H={ceG : ola)~a}

be a subset of G. Then the following statements are true;

(1) H is a subgroup of G.
(2) For any given T € G, we have {0 € G | o(7(a)) ~ 7(a)} = THT L.

Proof. 1f 0, € H then we have 0,(a) = (;’*a for some integer w,. Since G permutes

the roots of unity, so does H. This shows that H is closed under inversion and

composition of automorphisms in G. Hence H is a subgroup of G. This proves (1).
Let 0 € H be any element. Then we have

ola) ~a e 1(o(a)) ~7m(a) & (tor7 1) (ra) ~ 7(a),
proving the second statement. O

We shall state the following basic and well-known lemma which roughly says
‘integrality’ is a local phenomenon.

Lemma 3.1. Let o € Q be an algebraic number. Then a is an algebraic integer if
and only if o is integral over Z, for every prime number p where Z,, is the ring of
p-adic integers.

Lemma is also basic and well-known and hence we omit the proof here.

Lemma 3.2. Let K be a finite extension over Q, of degree d where Q, is the field
of p-adic numbers. Let o € K be an element such that o € Ok, the local ring of
K. Then 3 :=a~! € Og. Furthermore, if the characteristic polynomial of 3 is

fg, () = age? + ag 1z 4+ 1w+ ag € Zplal,

then aq =1 and a; € pZy, for alli =0,1,...,d—1 where pZ, is the unique mazrimal
ideal of Zy.

We need Lemma [B3.3]in the proof of Theorem 271
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Lemma 3.3. Let p be a given prime number and let K be a finite Galois extension
over Q, of degree d. Let a € K be an element such that oo € Ok and B be a
Galois conjugate of a. Let by and by be given p-adic integers such that by + by # 0.
Then for each integer £ > 0, there exists an integer i € {1,2,...,d} such that
b10/+i + bgﬂe+i }é 0

Proof. Since a ¢ O, by Lemma B.2] it is clear that o= € Ok and let f(x) =
2%+ ag 1297 + -+ + a1 + ag € Z,[] be the characteristic polynomial of a~!.
Since 3 is a Galois conjugate of «, it is clear that f(a™!) =0 = f(37!). We see
that for every integer m > 0, we have

a™ = —ag 1™ — . —apa™  and f™ = —ag_ 1 AT — - — ap™ T
Therefore, we get
(3.3) bra™ +baB™ = —ag_1(b1a™ Tt + b BmH) — oo —ag(bra™ T 4 by,

Now we prove the assertion by induction on £.
We put m =0 in B3)), we get

0# by +by = —ag_1(bra’ +byB') — - — ag(bra? + by 8%)

which implies the assertion when ¢ = 0. Assume the assertion is true for some
integer £ > 0. That is, there exists an integer i € {1,2,...,d} such that bya*? +
b3t £ 0. If > 2, then £ +i = £ + 1 + j for some integer j € {1,2,...,d} and
then we are done. Hence we assume that ¢ = 1. That is, byt + bySt1 £ 0.
Now, put m = £+ 1 in (B3) to get the assertion in this case as well. Hence the
lemma. ([l

We conclude this section by discussing a proof of Fatou’s Lemma. This was
proved by Pisot [10] for number fields and the proof was adapted based on Fatou’s
work [3]. We provide a slightly different proof along the lines mentioned in B. de
Smit [4]. Before proceeding further, for a non-zero algebraic number «, we define
the denominator of « (denoted by den(«)) to be the smallest positive integer n such
that na is an algebraic integer.

Proposition 3.3 (Fatou’s lemma). Let K be a number field and f(X) € K(X)N
Ox|[X]] such that f(X) = g(X)/h(X) where g(X),h(X) € K[X] are coprime in
K[X] and h(0) = 1. Then g(X),h(X) € Ok[X].

Proof. Given that f(X) = ¢g(X)/h(X) where g(X),h(X) € KJz] are coprime and
h(0) = 1. Then there exist two polynomials r7(X),s(X) € Og[X] such that
r(X)g(X) + s(X)h(X) = ¢ for some non-zero constant ¢ € Ok. Therefore, we
have
c

3.4 — € Ok|[[X]].
(3.4 e € OxllX]

k
Now let h(X) = H(l —a;X) in Q[X] for some integers c; > 1 and some distinct

i=1
a; € Q. For each i with 1 <4 < k, multiplying (8:4) by the factor

k
H den(a;)% (1 —a; X)% | [den(a;)” (1 — a; X)% '],

Jj=1
J#i
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we define a new formal power series f;(X) := ¢/(1 — a;X) " for some ¢’ depending
on den(a;) and ¢; for all 1 < j < k. Since we are multiplying by a polynomial
whose coefficients are algebraic integers, we get f;(X) € Op[[X]] for some finite
extension L over K in which h(X) splits completely. Therefore for any non-zero
prime ideal 9 in O, we have

vp(dal) >0 for alln = wvyp(a;) >0

and consequently, we get a; is an algebraic integer. Therefore h(X) € K[X] N
OL[X] = Ok[X] and hence g(X) = f(X)h(X) € Ok[X] as both f(X),h(X) take
values in Ok. O

4. PROOFS OF THEOREMS 2.1 TO

Proof of Theorem 21l Let K = Q(ay, ..., ax) be a number field and h be the order
d

of the torsion subgroup of K*. We partition {ay,...,ar} = U{aa: a € I;} by the
1=1

equivalence relation in (2.1]). For each index set I;, let §; be a representative of the

corresponding equivalence class {a,: a € I;}, and for a € I, let o, = ﬁlcff“’l for

some integer w, ;. The numbers 31, ..., 84 are representatives (elements) of disjoint

equivalence classes and hence the tuple (81, ..., 84) is non-degenerate.

Let [ be a fixed natural number with 1 < [ < d and assume that assertion
is not true for I;. Then, for infinitely many n € &, the sum Z Ao, # 0. In

acl;
particular, there exists an infinite subset &, := {n € & : n = m mod h} for
some m € {0,1,...,h — 1} such that Z Ao, # 0 for each n € &,,,. Therefore,
acl;
for each n € G,,,, we have
k
Lla},...,ap) = Na
i=1
d
=22 heas
r=1a€l,
d d
= Z Z /\a(:}?wa’rﬁlb = Z "fnm/B:L = ‘Cm(BILa ce 7/83)7
r=1a€l, r=1
where K, = Z /\aC,TW“"", as n =m mod h. Since k;.,0]" = Z A0y, We have
a€l, a€l;
Ki,m # 0. Furthermore, since (S, ..., 84) is a non-degenerate tuple, by Proposition

B £(8},...,B%) € Z\{0} for all but finitely many values of n € &,,. We remove
the finite numbers n € &,,, for which L(87,...,8}) = 0.

We proceed to prove that §; is an algebraic integer via contradiction.

Let S be a suitable finite subset of M containing all the archimedean places such
that 3; is an S-unit for each j = 1,2,...,d. Assume that ; is not an algebraic in-
teger. Then there exists a finite place w € S such that |8;|,, > 1. Choose € > 0 such

1 w
og |4 . For alln € &,,, we have |5 H(BY,...,85,1) 7= >1

that ¢ <
log H(Sy,...,B4,1)
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because by the choice of € and the height inequality
H(xyyr: . yxqya 1) < H(xy:ooo,xg: DH(y1 2., yq: 1).

Since G,, is an infinite set, Theorem B (applied to the linear form L, consisting
of the subtuple (..., S, ...) for which x; ,, # 0) asserts that

d
Z biB =0
=1

holds true for infinitely many natural numbers n € &,,, where b; € K and not
all zero. This is a contradiction to Proposition B.Il Therefore f; is an algebraic
integer. O

Proof of Theorem 22 Given polynomial P(Xj,..., X}y), we write a typical mono-

k
mial in P as H X;’j = X; where i = (b1,...,b;). Also, we write the coefficient of
j=1
the monomial X; in P as a;. Let

Z={(b1,...,bg) :i=(b1,...,b;) and X; appears in P}
be the index set.
Now, consider the linear form £((Y})icz) = Z a;Y;. Therefore, by setting «; :=
ieZ
k
H oz?-j for each i = (by,...,b) € Z, we see that P(ay,...,ar) = L(()iez)-
j=1

By hypothesis, a1, ..., a; are multiplicatively independent. Therefore the se-
quence (af,...,ay) is Zariski-dense on the k-dimensional space AF; same holds for
every infinite subsequence. In particular, P(a’f_, ...,a}) cannot vanish infinitely
often. Thus, it follows that P(af,...,a}) € Z\{0} for infinitely many natural
number n (by hypothesis).

By hypothesis, since P(X1,0,...,0) is not a constant polynomial, we let

d
P(X1,0...,0) = Y ¢ X{, with ¢4 # 0 and therefore (d,0,...,0) € Z. Let Iy
i=0
be an equivalence class induced by (2I) corresponding to a subset, say, Z; of T
such that (d,0,...,0) € Z; (or equivalently, af € I). Since ay,...,a; are multi-

plicatively independent, we get Z; C {(¢,0,...,0) | 0 < ¢ < d}. Then we have the
following cases to consider:
(1) If (¢,0,...,0) € Z; for some non-negative integer ¢ < d, then af ~ af, and
therefore off_c is a root of unity. This implies that oy is a root of unity.
(2) If 7, = {(d,0,...,0)}, then by Theorem Bl af is an algebraic integer.
Therefore, o is an algebraic integer.

In both cases, we are done. O
Proof of Theorem 23l Let f = Z Ao0 be a non-zero element of Q[G,]. Then
ceGqy
we have
fla™) = Z Aoo(a™) = Z Aoo(@)™.
c€Gq c€Gq
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Therefore, by letting X = (X,)seq,, the linear form £(X) = Y vea, Mo Xo and
@ = (0(®))seq,, we note that L(@") = f(a™). Hence by hypothesis, we have
L(@") € Z\{0} for all n € &.

The equivalence relation in (21), induces a partition on the index set G, that
is, Go = U?zll ;. If possible, we suppose « (and therefore all the Galois conjugates
of @) is not an algebraic integer. By Theorem [Z1] for every equivalence class I; we
have

Z Ao0(a)™ = 0 for all but finitely many n € &.
o€l
Therefore, for all but finitely many values of n € &, we have

d
Fla™) =3 > doo(a)" =0,
j=1lo€el;
a contradiction as f(a™) € Z\{0} for all n € & and & is an infinite set. O

For the proof of Theorems 2.4] and 23] the index set, Z x G, will be a finite
subset of N x Gal(K/Q) for an appropriate Galois extension K/Q. Then we set the
linear form as

L(X) = L(Xi0)@,0)eTx0) = Z o(Ni) X0
(i,0)€EIXG

Proof of Theorem 24l First, we can assume that « is not a root of unity (for oth-
erwise, we are done). Since Try g = Trp/gTrr/p for an intermediate field F' of L,
we further reduce our computations to the field F' = Q(«). That is, we can assume
that \; € F for each 1.

Let K be the Galois closure of F' and its Galois group G = Gal(K/Q). We set
the index set Z x G = {(k,0) | \p # 0,1 < k < D,o € G}. For every algebraic

number v, we define the tuple 7 := (U(’y)k)(k)g)ezxc. Therefore, by hypothesis,
D

we have L(a") = Trp/g(P(a™)) = ZTrF/Q()\io/”) € Z for each n in an infinite
subset & C N. =

If « is not an algebraic integer (and so are the conjugates of o and their pow-
ers), then by expanding the trace operator and by Theorem 2] we get for every
equivalence class and the corresponding index set I; x H C Z x G for some subset
H C G such that

(4.1) > b} =0,
icl;

for all but finitely many n where b; denotes the conjugates of \; for some finite
collection and «; denotes some conjugate of o! for some I < D appropriately.

Note that for any (i,0), (k,7) € I; x H, we see that o(a’) ~ 7(a*) which implies
that o ~ §(a*) for some § € G. Now, we claim that if o' ~ o(a)* for some
1<,k <D and for some o0 € G, then | = k. In order to prove this claim, we use
the properties of logarithmic Weil height h(z) = log|H (z)|. As and k are positive
integers, since

Ih(a) = h(a') = h(Co(a)*) = h(a¥) = kh(a)

(where ( is a root of unity), we get I = k as h(a) > 0, which proves the claim.
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Suppose Ao is one of the terms in the above summand. Then by the claim,

(@I becomes
> o(na™) =0
occH

for all but finitely many n. Applying the trace operator on both sides, we get
|H|Tr /g (Aa!™) = 0 for infinitely many n. Since |H| > 1, we get the assertion. [J

Proof of Theorem 20 Let K be the Galois closure of L and its Galois group G =
Gal(K/Q). We write the index set Zx G = {(i,0) | 1 <i < k,0 € G}. For the tuple
a™ = (0(;)")oea1<i<k, we note that L£(a”) = Trp g(Maf + -+ Apaf) € Z for
n in an infinite subset & of N.

Since 7 is not an algebraic integer, by hypothesis, by applying Theorem [2.1]
to the linear form L(a™), there exists an equivalence class and the corresponding
index set I; containing (1,071) (o1 denotes the identity map) such that

(4.2) Y oio(e) =0=af | > o)
(i,0;)€h (i,05)€lr
for all but finitely many n € &.

We first prove that Iy = P x H for some subgroup H C G and P ={i : (i,0) €
L}y C{1,... k}

Note that if i € P, then there exists o € G such that (i,0) € I;. Therefore, for
each i € P, we choose 7; € G such that a; ~ 7;(e;) and hence let H; := {0 € G |
Ti(a;) ~ o(7i(ay))}. Then H; is a subgroup of G by Proposition

Note that H; = H; for any i,j € P. For, if 0 € H;, then ay ~ 7;(c) ~ o(7(;)).
Since (i, 7;), (i,7;) € I, we see that 7;(c;) ~ 7;(a;). Therefore, by acting ¢ on this
equivalence, we get

7j(y) ~ mi(a;) ~ o(Ti(w)) ~ o(75(a;))

and hence H; C H;. Similarly, we get H; C H,. Since (1,01) € H;, by taking
H=H,, weget ; =P x H.

We now rewrite [{2]) as

SN om))olri(ef) =D o (Z Ti (Az‘a?)> =0

i€PocH oceH i€P

for all but finitely many values of n € &. In particular, there exists a non-negative
integer a < h such that there are infinitely many n = a mod h with n € &. For
any such n = a mod h in &, by combining ([@2]) and the above equality, we get

Y D o m)(ri(a)] =0.
oc€H ieP
Since Trg /g is invariant under the Galois action, by applying the trace operator
Trg g, we get
Z TI‘K/Q(/\Z‘OA?) = 0.
i€P
Since \;, a; € L, this proves the theorem. O
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Proof of Theorem 2.6l Let K be the number field that is obtained by adjoining all
i (X
the zeros and poles of f;(X)’s and \;’s with Q. For each i, we write f;(X) = ];EX;
for some coprime polynomials p;(X),¢;(X) € Ok[X]. Let h be the order of the
torsion subgroup of K*.
Since (p;(X), ¢;(X)) = 1 in K[X] for all 4, there exist polynomials r;(X), s;(X) €
Ok[X] and B; # 0 € Ok such that

ri(X)pi(X) + 5i(X)q:(X) = B,

Bi
a:(X)
prove that ¢;(X) is a constant polynomial in K[X] for each i. To do this, we need
to understand the conjugate polynomials of ¢;(X). We shall define the following.

For any number field L, we let

Up:=0r\{Zeroes of p;(X), ¢i(X), (¢;(X)pi(X))" —(a:(X)p; (X))" for 1<i<j<k}.

Note that this set is the complement of a finite set because f;(X)/f;(X) is not
constant, and also we are removing the solutions of the equation f;(X)/f;(X) = (}!
for every i # j and for some integer a.

By the definition of Vg, we see that for any v € Yk (or Vi), the tuple
(f1(7),---, fe(7)) is a non-degenerate tuple. Therefore, by Theorem 21 f;(v) €
Ok (or Op) for all i. Hence, the value §;/q;(v) € Ok for each v € Ug. Note also
that Uk contains all but finitely many integers in it.

If possible, for some i, we suppose ¢;(X) is a non-constant polynomial. Let L
be the Galois closure of Q(f;, coefficients of ¢;(X)). Then the polynomial Q;(X) =

H o(g;(X)) is also a non-constant polynomial in Q[X]. Consider Uy,
€Gal(L(X)/Q(X))
and conclude that £;/q;(v) € Or for each v € U. Therefore, Ny ,o(8i/q:(7)) € Z
for every v € Y. Note that for all but finitely many n € Z lie in Uy, and hence we
have Ny ,q(Bi/qi(n)) = N jo(Bi)/Qi(n) € Z. Since |Q;(n)| — oo as |n| — oo, we
obtain [Ny, ,q(8i)/Qi(n)| — 0 as n — oco. However, this is a sequence of integers
and therefore we conclude that Ny ,q(3;) = 0. This implies 3; = 0, which is a
contradiction. Hence ¢;(X) must be constant and hence f;(X) € K[X] for each .

and hence r;(X) f;(X)+s;(X) = . In order to prove f;(X) € Ok[X], first, we

Vi
for some 7;,b; € Og. Suppose there exists a prime ideal B in Ok such that
v (bj/v:) < 0 for some j. We choose a number field L containing K having a prime
ideal  in Oy, lying above 3 such that the ramification index (say e) is greater than
2d. Note that such L can be chosen by adjoining the appropriate root of unity to
K to get the desired. Therefore, for any 6 € K*, we have vy (0) = evg (). By the
choice of e, we conclude that

d

(X 1 _

We now proceed to show that f;(X) € Og[X]. Let f;(X) = pi(X) = E b; X7
=0

(4.3) eorgnﬁgdvqg(br/%) +d<0.

Now since Uy, is the complement of a finite set, we choose a € U such that

by
va(a) = 1. Then vq(fi(a)) = m}n vg <7 + T> because for any two distinct non-

. b,a’ b.a”
negative numbers r,s < d, due to ([£3), we have, vg %+ v , as
g

i @
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e > 2d (If they are equal, we take absolute values and consider their difference to
get a contradiction). Therefore,

va(fi(@) < mine {Um (:—)} +d <0,

K2

a contradiction to the fact that f;(a) € O, as a € Uy O

5. PROOFS OF THEOREMS [2.7] AND 2.§

Proof of Theorem 277l By Lemma [B1] it is enough to prove the assertion for Q,
for every prime number p.

Let p be a given prime number. Assume that «; is not integral over Z, and K be
the Galois closure of Q,(cv1). All the other Galois conjugates of o are ag, ..., ax
for some integer k. It is also enough to prove the case when b3 =bs=---=bp =0
and the proof for the general case follows verbatim.

Assume that oy is not integral over Z, (and so is as). For simplicity, we write
a1 = o and ag = B. Then o~ ! and B! are integral over Z, and let the charac-
teristic polynomial fr|qg,(z) := f(z) of a~' satisfies the assertion in Lemma
Since 3 is a Galois conjugate of o, we see that the characteristic polynomial of 51
is f(z) itself. Write the unique maximal ideal pZ, of Z, by L.

If f(x) = 2%+ ag_1297 1 + -+ ag, then f(a™1) =0 and f(B~1) = 0. Hence we
get
(5.1) ao+aa 4+ +ago M ol =0=ay+ a8+ Fag_ 157
Then, for any integer £ > 0, multiplying by a®** both sides of (5.1)), we get

(5.2) ol = —ag_1a — o — gt with a; € P
and
(5.3) Bl = —ag 1B — - — g with a; € P

by Lemma[32l Now, for any integer ¢ > 0, let M, be a Z,-submodule of K spanned
by biaft! + by L bt + byBitY. By Lemma B3] it is clear that M, is a
non-zero Z,-submodule of K. Hence, by (5.2) and (53)), we have

(5.4) biat + by8° € PM, for any integer £ > 0.
Note that for any non-negative integers 1 and /5, we have
(5.5) My, C My, whenever ¢1 < {o.

It is enough to prove that for £, = £, f5 = £+ 1, we have by’ +b,8T! € My, (and
then inductively we can get the general assertion). Since f(a™1) = 0 = f(871),
multiplying by a/T'+9 on both sides, similarly, by *T1+4, we get bya‘t! +b 3+ €
My, , as desired.

Now we claim that for any integer ¢ > 0 and any integer m > 0, we have

(5.6) biat + baB" € B Moy gm.

Let ¢ be any non-negative integer and m = 0. Then (5.6]) is true by (54). Hence,
we shall assume that (5.6 holds true for ¢ and for some integer m > 1. That is, we
have by’ + by 3 € P My 4 and we prove (5.6) holds true for £ and m + 1. For
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any integer i with £+ dm + 1 < i < £+ d(m + 1), we have bia’ + by3" € Myt gm.

By (B4) and (B8], we get
bia' + byt € PM; C PBMyiqim+1) for all integers i with £ +dm +1 < i < I+
dim+1)
and hence we get
(5.7) Mot am CBMyyame1)-

Since, by the induction hypothesis, we have bjaf + by 3° € B My 4, by (G1),
we arrive at
blO/ + bQBe c s:BWHQ]\4Z+d(7n+l)

as desired.

Now to finish the proof, we take £ = 0 and m = v,((b1 + b2)d). By hypothesis,
we know that Trg|g, (Ma-d) C Z, for all integers a < [dlogy((by + b2)d)] + 1.
Since dm < dlogy((b1 + b2)d) + 1, we get Trg|q,(Mam) C Zp. Therefore, since
b1 +by = blao +b2,80 S (Bm-HMdm, we see that (bl +b2)d = TrK\Qp (blao + bgﬁo) S
Trg g, (BT Mam) C Zyp. Therefore, we get (b + bo)d € P! which implies that
the power of p dividing (b; + bo)d is at least m + 1, a contradiction. Hence the
theorem. (]

Proof of Theorem 2.8, Given that
1
C=2+ [5 mngm()q)\g(al - 012)2)—‘ + mgx(|vqg()\1/\2)|)

where B runs through all the prime ideals in Ox and Ao} + Aah € O for all
1<n<C.

If possible, we assume that «; is not an algebraic integer. Then there exists a
prime ideal B of O such that vy (a;) < 0.

We first claim that vg(a1) = vgp(az). To show this, for each i > |vgp(A1)], we
have that v (A1) = vp(A1) + dvgp(ar) < vp(Ar) — i < 0. Using the fact that
vy (z+y) = min{og (x), v (y) }, when vy (z) # vy (y), and that v (Ao + Aoady) >
0as 1 <i<C(C, we conclude that

vp(heas) = vp(Maf) = ilop(ar) —vgp(az)| < Jop (M)
holds for each i > |vp(A1)|. Now, by choosing i > |vg(A1A2)|, we conclude that
vp(a1) = vp(a2) as vy takes integer values. In particular, vy (as2) < 0.
We note that for each n > 1,
Vi = [Aaf + Aeab] Mol ™ + Aas T2 — Aot + Apad T

(58) ]nfl'

= )\1)\204?04;[041 — 042]2 = Vl[ala2
For n > max {(vgp(V1))/2 + 1, [up (A1 A2)|}, we have
vp (Vi) = v (Vi) + (n — Dog(arae) < vp(Vi) —2(n—1) <O0.

In particular, vp(Ve) < 0, as C > max {(vgp(V1))/2 + 1, Jup(A1A2)|}. This is not
possible, because one notes that V,, € O for all n < C' and in particular, Vo € Ok.
Therefore oy € O . Similarly, we can prove as € Ok. O
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Remark 5.1. One may try to generalise this argument for & > 3. There are issues
with the valuation argument for more than 2 variables. We may use Hankel deter-
minants of matrices with entries consisting only of A\jaf + -+ + )\ka}; to arrive at
an equation very similar to (.8]). Proceeding in the same manner from there, one
k
may obtain that H a; € Ok. However, it is not possible to obtain a bound purely
i=1
depending on A\ja} + - + )\ka};, Ai, by induction for the following reason: When
we try to do induction over k, we know the values A\jaf + -+ + gy only for k
terms and do not know for k — 1 terms. The process will follow through but we
won’t be able to determine the constant C, if we assume that || < 1 for some i
by this method.
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